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Abstract
The stability of the Einstein static universe against the homogeneous scalar perturbations in
f(T ) gravity is analyzed. Both the spatial closed and open universes are considered. We find
that the stable Einstein static solutions exist in both cases. Considering a concrete f(T ) model
and assuming that the cosmic energy has a constant equation of state w, we obtain that, in
the closed case, w < 1/3 is required. Thus, f(T ) theory gives a larger region of w than that in
general relativity (−1 < w < −1/3) to have the stable Einstein static solution. For the open
universe, f(T ) theory allows the stable Einstein static solution, although this kind of solution
is forbidden in general relativity. Thus, a modification of gravity can play a crucial role in
stabilizing the Einstein static solution.
PACS numbers: 04.50.Kd, 04.20.Jb, 98.80.-k
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I. INTRODUCTION
One of the most important and challenging problems in modern cosmology is how
to explain the current cosmic acceleration, discovered firstly from the type Ia supernova
observations [1] and then further confirmed by the cosmic microwave background radi-
ation [2] and the large scale structures [3]. One popular way to explain this observed
phenomenon is to postulate, within the context of general relativity, the existence of an
exotic energy component, called dark energy (see [4] for recent review), in our universe.
Another is to modify the general relativity. f(R) theory (see [5] for recent review), ob-
tained by generalizing the Ricci scalar R in the Einstein-Hilbert action to an arbitrary
function f of R, is one of such modified gravity theories
In 1928, Einstein [6] first introduced the teleparallel gravity (TG) in his endeavor to
unify gravity and electromagnetism with the introduction of a tetrad field. Although
not succeeding, as is well known, TG can, however, show up as a theory completely
equivalent to general relativity [7, 8]. Since TG is built on the teleparallel geometry,
and the Weitzenbo¨ck connection rather than the Levi-Civita connection is used in this
geometry, the Riemann curvature vanishes automatically and the spacetime has only
torsion. The torsion scalar T is the Lagrangian density of TG.
Recently, in analogy to f(R) theory, a new modified gravity to account for the accel-
erating cosmic expansion, named f(T ) theory, is proposed by extending the TG action
T to an arbitrary function f of T . f(T ) theory can not only explain the present cosmic
acceleration with no need of dark energy [9], but also provide an alternative to inflation
without an inflaton [10, 11]. Moreover, further studies have shown that f(T ) may avoid
the big bang singularity problem in the standard cosmology [12], realize the crossing of
phantom divide line for the effective equation of state [13, 14], fit the current type Ia su-
pernova observation very well [15] and yield an usual early cosmic evolution [16]. It, thus,
has recently spurred an increasing deal of interest [17–20]. It is worth pointing out here
that f(T ) gravity also suffers from some problems, such as the violation of local Lorentz
invariance [19] and the violation of the first law of black hole thermodynamics [20].
In this paper, we plan to analyze the stability of the Einstein static state in f(T )
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theory. Both spatially closed and open universes are considered. Our interest in this
issue lies in that our universe might have originated from the Einstein static state and
then evolved to the inflation, so as to provide a possible way to resolve the big bang
singularity problem [21, 22]. The Einstein static universe has attracted a great deal
of attention [23–41]. For instance, the Einstein static solutions have been analyzed in
braneworld theory, Hoava-Lifshitz gravity and loop quantum cosmology [24–27, 38, 39].
The stability of the Einstein static state has been studied in f(R) gravity [28–31] and
it was found that, in several concrete f(R) models, the stable solutions do exist under
the homogeneous perturbations [28]. However, Goswami et al. [29] argued that only one
functional form of f(R) admits an Einstein static solution, which seems to be inconsistent
with what was obtained in [28]. This contradiction was reconciled in [31] by considering
the stability of the Einstein static universe under the homogeneous and inhomogeneous
scalar perturbations in a general f(R) theory. It is worth noting that all above studies
are done in the case of a spatially closed universe. More recently, it was found that in the
frameworks of Loop Quantum Cosmology and Horava-Lifshitz gravity, the Einstein static
solution may also exist in an open universe [41].
We examine, in the present paper, the stability of the Einstein static solution against
homogeneous perturbations in f(T ) gravity. In the following section, we give a brief review
on f(T ) gravity. In section III, we give the Einstein static solution and then discuss its
stability by analyzing the homogeneous scalar perturbations, and we conclude in Section
IV.
II. THE f(T ) THEORY
In this section, we give a brief review on f(T ) gravity. In this theory, the dynamical
object is the vierbein eµi rather than the metric. If e
i
µ is the inverse matrix of vierbein e
µ
i ,
the relation between them is
eµi e
j
µ = δ
j
i , e
µ
i e
i
ν = δ
µ
ν , (1)
where i is an index running over 0, 1, 2, 3 for the tangent space of the manifold, and µ,
also running over 0, 1, 2, 3, is the coordinate index on the manifold. This vierbein relates
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with the metric through
gµν = ηije
i
µe
j
ν , (2)
where ηij = diag(1,−1,−1,−1). Using Eq. (1), the above expression can be inverted to
obtain
ηij = gµνe
µ
i e
ν
j , (3)
which means that the vierbein is orthonormal.
As already mentioned in the previous section, TG uses the curvatureless Weitzenbo¨ck
connection, which is defined as
Γλµν = e
λ
i ∂νe
i
µ = −eiµ∂νeλi . (4)
From this connection, one can introduce a non-null torsion tensor T σµν ,
T σµν = Γ
σ
νµ − Γσµν . (5)
Defining other two tensors:
S µνσ ≡
1
2
(Kµνσ + δ
µ
σT
αν
α − δνσT αµα) , (6)
and
Kµνσ = −
1
2
(T µνσ − T νµσ − T µνσ ), (7)
one can obtain the torsion scalar T
T ≡ S µνσ T σµν , (8)
which is the teleparallel Lagrangian. Thus the TG action can be expressed as
I =
1
16piG
∫
d4x e T , (9)
where e = det(eiµ) =
√−g. Since eT just differs from the Einstein-Hilbert Lagrangian eR
by a total derivative term
− e R = e T − 2∂ν(e T µνµ ) (10)
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where R is the scalar curvature for the Levi-Civita connection, TG is completely equivalent
to general relativity.
As f(R) gravity, the action of f(T ) theory is obtained by replacing T in the TG action
by a general function of T
I =
1
16piG
∫
d4x e f(T ) . (11)
Apparently the last term in Eq. (10) can be discarded by converting it to a boundary
term in TG. It, however, remains in f(T ) theory, which leads to the violation of local
Lorentz invariance. Adding a matter term in the above equation and doing a derivative
with respect to vierbein, one can obtain the field equation of f(T ) gravity.
III. THE EINSTEIN STATIC UNIVERSE IN f(T ) THEORY
To analyze the Einstein static universe, we consider the FRW universe with non flat
spatial sections. Due to the lack of local Lorentz invariance, pairs of vierbein fields
connected by local Lorentz transformations are inequivalent. Thus, one should be careful
in obtaining the parallelized frames. Here, we follow the procedure given in Ref. [17] to
get the vierbein. For a closed universe, the vierbein is
e0 = dt ; e1 = a(t)E1 ; e2 = a(t)E2 ; e3 = a(t)E3 , (12)
with
E1 = − cos θdψ + sinψ sin θ(cosψdθ − sinψ sin θdφ) (13)
E2 = sin θ cosφdψ − sinψ[(sinψ sinφ− cosψ cos θ cos φ)dθ
+(cosψ sinφ+ sinψ cos θ cosφ) sin θdφ]
E3 = − sin θ sinφdψ − sinψ[(sinψ cosφ+ cosψ cos θ sinφ)dθ
+(cosψ cosφ− sinψ cos θ sinφ) sin θdφ],
and, for an open one, it is
e0 = dt ; e1 = a(t)E¯1 ; e2 = a(t)E¯2 ; e3 = a(t)E¯3 , (14)
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with
E¯1 = cos θdψ + sinhψ sin θ(− coshψdθ + i sinhψ sin θdφ) (15)
E¯2 = − sin θ cos φdψ + sinhψ[(i sinhψ sinφ− coshψ cos θ cosφ)dθ
+(coshψ sin φ+ i sinhψ cos θ cosφ) sin θdφ]
E¯3 = sin θ sin φdψ + sinhψ[(i sinhψ cosφ+ coshψ cos θ sinφ)dθ
+(coshψ cos φ− i sinhψ cos θ sin φ) sin θdφ].
Here, the angular coordinates range in the intervals 0 ≤ φ ≤ 2pi, 0 ≤ θ ≤ pi and 0 ≤ ψ ≤ pi.
Thus, using Eqs. (2, 12, 14), one can obtain the induced metric
ds2 = dt2 − k2a2(t)[d(kψ)2 + sin2(kψ)(dθ2 + sin2 θdφ2)] , (16)
where k = 1 for the closed universe and k = i for the open universe. The torsion scalar
can be expressed as
T = 6(±a−2 −H2) , (17)
where + and − correspond to the closed and open cases respectively, and H = a˙
a
is
the Hubble parameter. In a non flat universe, the modified Friedmann equation can be
expressed as [12]
12H2f ′(T ) + f(T ) = 16piGρ ≡ κρ , (18)
4(±a−2 + H˙)(12H2f ′′(T ) + f ′(T ))− f(T )− 4f ′(T )(2H˙ + 3H2) = κp , (19)
where f ′(T ) = df/dT , f ′′(T ) = d2f/dT 2 and we assume that the matter-content of the
universe is a perfect fluid with ρ and p being the unperturbed energy density and pressure
respectively, which satisfy the conservation equation
ρ˙+ 3H(ρ+ p) = ρ˙+ 3H(1 + w)ρ = 0 . (20)
Here we let w = p
ρ
be a constant.
For the Einstein static universe, we have
a = a0 = const, a˙ = H = 0 , (21)
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T0 = T (a0) =
6
a2
for the closed universe, and T0 = − 6a2 for the open one. Thus, using
Eqs. (18, 19) we obtain the conditions for the existence of an Einstein static universe
f0 = f(T0) = κρ0 , ±4f
′
0
a2
0
− f0 = κp0 , (22)
with f ′
0
≡ df
dT
|T=T0, ρ0 = ρ(a0) and p0 = p(a0). Combining the above two expressions and
using T0, one finds (
Tf ′
f
)
T=T0
=
3
2
(1 + w) , (23)
which gives a constraint on f(T ) to obtain the Einstein static solution.
Now we consider the stability of the Einstein static solution against the linear homo-
geneous scalar perturbations. Thus, the perturbations in the cosmic scale factor and in
the energy density depend only on time and can be expressed as
a(t) = a0(1 + δa(t)) , ρ(t) = ρ0(1 + δρ(t)) . (24)
Substituting the above equation into Eqs. (18, 19) and linearizing the results, we have
f ′
0
δT = κρ0δρ , (25)
4(∓2a−2
0
δa+ δa¨)f ′
0
± 4a−2
0
f ′′
0
δT − f ′
0
δT − 8f ′
0
δa¨ = κδp , (26)
where δf = f ′
0
δT and δf ′ = f ′′
0
δT . Using δT = −2T0δa, δp = wρ0δρ and a−20 = ± f04f ′
0
(1 +
w), one can obtain
δa¨ =
κρ0
4f ′
0
2
(1 + w)
(
(1 + 3w)f ′
0
− 3(1 + w)f0f
′′
0
f ′
0
)
δa , (27)
which admits a solution
δa(t) = C1e
ωt + C2e
−ωt , (28)
where C1 and C2 are integration constants, and ω is given by
ω2 =
κρ0
4f ′
0
2
(1 + w)
(
(1 + 3w)f ′
0
− 3(1 + w)f0f
′′
0
f ′
0
)
(29)
Obviously, if ω2 < 0 we have oscillating perturbation modes, which correspond to existence
of the stable Einstein static universe.
In what follows, we divide our discussion into the closed and open universes respectively,
and consider a concrete power law f(T ) model in order to give the detail conditions for
the stable Einstein static solution.
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A. The closed universe
In this case, T0 = 6a
−2
0
for the Einstein static solution. We consider a model
f(T ) = T + α
a4
0
6
T 2 − Λ , (30)
where α is a constant and Λ is the cosmological constant. Substituting the above expres-
sion into the Einstein static solution given in Eq. (22), one can obtain
Λ =
1
2
(−12α+ κρ0(1 + 3w)) , 1
a2
0
=
1
2
(−8α + κρ0(1 + w)). (31)
Using Eq. (31), it is easy to prove that the model (Eq. (30)) satisfies the constraints given
in Eq. (23). A positive a2
0
gives a constraint on α:
α <
κρ0
8
(1 + w). (32)
Substituting Eq. (30) into Eq. (29), we have
ω2 =
κρ0
4f ′
0
2
(1 + w)[−16α+ κρ0(1 + w)(1 + 3w)]
−8α + κρ0(1 + w)
=
κρ0a
2
0
8f ′
0
2
(1 + w)[−16α+ κρ0(1 + w)(1 + 3w)] . (33)
As expected, the limit α→ 0 (f → T − Λ) yields
ω2 =
κρ0
4
(1 + w)(1 + 3w) , Λ =
κρ0
2
(1 + 3w) ,
1
a2
0
=
κρ0
2
(1 + w) , (34)
which is just the general relativistic result. Apparently, within the general relativity
context the solution is stable in the region
− 1 < w < −1/3 , (35)
which violates the strong energy condition and leads to a negative cosmological constant.
From Eq. (33), we find two stable regions in f(T ) gravity:
w < −1 , α < κρ0
8
(1 + w) , (36)
and
− 1 < w < 1/3 , κρ0
16
(1 + w)(1 + 3w) < α <
κρ0
8
(1 + w) . (37)
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Apparently, f(T ) gravity enlarges the allowed region of w for obtaining the stable Einstein
static solution, and the strong energy condition is not necessarily violated. In addition,
different from the general relativity case where the cosmological constat is negative at the
static point, Λ can be either positive or negative in f(T ) theory as shown in Tab. (I).
TABLE I: The property of Λ for the stable Einstein static solution in a closed universe.
α Λ
w < −1 κρ0
12
(1 + 3w) < α < κρ0
8
(1 + w) Λ > 0
α < κρ0
12
(1 + 3w) Λ < 0
−1 < w < −1/3 κρ0
16
(1 + w)(1 + 3w) < α < κρ0
8
(1 + w) Λ > 0
−1/3 < w < 1/3 κρ0
16
(1 + w)(1 + 3w) < α < κρ0
12
(1 + 3w) Λ < 0
κρ0
12
(1 + 3w) < α < κρ0
8
(1 + w) Λ > 0
B. The open universe
This case corresponds to T0 = −6a−20 in the Einstein static universe. We consider
the same model as that in the closed case. Substituting Eq. (30) into the Einstein static
solution given in Eq. (22), we have
Λ =
1
2
(−12α + κρ0(1 + 3w)) , 1
a2
0
=
1
2
(8α− κρ0(1 + w)). (38)
A positive a2
0
leads to α:
α >
κρ0
8
(1 + w). (39)
Doing the same calculation as in the closed case, we obtain
ω2 =
κρ0
4f ′
0
2
(1 + w)[−16α+ κρ0(1 + w)(1 + 3w)
−8α + κρ0(1 + w)
=
κρ0a
2
0
8f ′
0
2
(1 + w)[16α− κρ0(1 + w)(1 + 3w)] . (40)
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When α = 0, we get
ω2 =
κρ0
4
(1 + w)(1 + 3w) , Λ =
κρ0
2
(1 + 3w) ,
1
a2
0
= −κρ0
2
(1 + w) . (41)
The stable solution requires −1 < w < −1/3, but it leads to a2
0
< 0. Thus, in the spatially
open case, the general relativity does not allow a stable Einstein static solution.
In f(T ) theory, from Eq. (40), we find that the conditions for stability are
w < −1 , α > κρ0
16
(1 + w)(1 + 3w) , (42)
and
w > 1/3 ,
κρ0
8
(1 + w) < α <
κρ0
16
(1 + w)(1 + 3w) , (43)
which means that a phantom or a stiff matter is required for obtaining the stable Einstein
static universe. In Tab. (II), we show the properties of Λ.
TABLE II: The property of Λ for the stable Einstein static solution in an open universe.
α Λ
w < −1 α > κρ0
16
(1 + w)(1 + 3w) Λ < 0
w > 1/3 κρ0
12
(1 + 3w) < α < κρ0
16
(1 + w)(1 + 3w) Λ < 0
κρ0
8
(1 + w) < α < κρ0
12
(1 + 3w) Λ > 0
IV. CONCLUSION
The Einstein static universe has been proposed as the asymptotic origin of our universe
for avoiding the big bang singularity problem. Thus, in order to assure that the universe
can stay at this static state past-eternally, a stable Einstein static universe is essential.
In this paper, we have analyzed the stability of the Einstein static universe against the
homogeneous scalar perturbations in f(T ) gravity, which is a new modified gravity used
to account for the present accelerated cosmic expansion and explain the comic inflation.
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Different from usual discussions considering only the spatially closed universe, both the
closed and open cases are studied in the present paper. In particular, we assume that the
matter-content of the universe is a perfect fluid and it has a constant equation of state
w. By considering a concrete pow law f(T ) model: f(T ) = T + α
a4
0
6
T 2 −Λ, we find that,
in the closed case, w < 1/3 is required to obtain a stable Einstein static solution, which
means that the strong energy condition violated in general relativity can be satisfied. Our
results show a larger allowed region of w in f(T ) gravity than that in general relativity
where the condition for stability is −1 < w < −1/3. As shown in Tab. (I), f(T ) theory
allows both negative and positive Λ in contrast to general relativity in which a negative
cosmological constant is needed.
For the open universe, we find that there is no stable Einstein static solution in general
relativity, but f(T ) theory allows it. The stable Einstein static universe requires that
the perfect fluid is a phantom (w < −1) or a stiff matter (w > 1/3). Therefore, we can
conclude that the modification of gravity can play a crucial role in stabilizing the Einstein
static solution.
We only consider the power law f(T ) model in the present paper. However, one can
show that there also exists the Einstein static solution in the exponential model, but the
stability conditions are much more complicated than that in the pow law case. So, we
do not give the details here. Finally, we must point out that here only the homogeneous
perturbations are analyzed. It is of interest to extend our results to the case of the
inhomogeneous perturbations, which will be a topic for study in the future.
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